Introduction {#Sec1}
============

Over the last few decades the scalar--tensor theories (STT) of gravity have been studies as the most natural cosmological and astrophysical generalization of general relativity (GR). Particularly interesting subclasses of STT are those for which the weak field regime coincides with GR, and deviations would occur only for strong gravity, i.e. in the gravitation field of compact objects like black holes and neutron stars. For the considered classes of STT, however, black holes are ruled out of the picture due to the existence of "no-hair" theorems, which makes neutron stars the perfect natural laboratory to test strong gravity regime, and modified theories. Neutron star structure, properties, and physical effects in classes of STT where scalarization of the solutions is observed in the strong field regime, were extensively studied in the past decades (see e.g. \[[@CR1]--[@CR9]\]) both in the static and rapidly rotating cases. A few year ago particular interest attracted the STT with massless scalar field \[[@CR10]--[@CR13]\] due to the possibilities for much larger deviations from GR compared to the massless case within the observationally allowed values of the parameters.

The effect of spontaneous scalarization of neutron stars (and if one considers more exotic objects -- quark stars) has nonperturbative scale and thus the deviations from pure general relativity can be very large. In the recent years, however, the astrophysical observations constrained significantly the massless STT \[[@CR14], [@CR15]\]. Thus, the parameters of these theories were seriously restricted to narrow sets which does not allow for significant physical deviations from pure GR. If one, however, extends the study to the case of STT with massive scalar field, the situation changes dramatically and the parameters in this case are only weakly restricted. The reason lays in the fact that for a scalar field with mass $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{\varphi }$$\end{document}$ one can assign a Compton wave-length $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _{\varphi } = 2\pi /m_{\varphi }$$\end{document}$, which leads to a finite range of the scalar field. More precisely the presence of the scalar field will be suppressed outside the compact object at distance greater than the corresponding Compton wave-length of the field $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _{\varphi }$$\end{document}$. This means that observations of compact objects with a scale greater than $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _{\varphi }$$\end{document}$ can not set any rigorous constraints on the parameters of massive STTs \[[@CR11], [@CR12]\] (see also \[[@CR16]\] for the massive Brans-Dicke case).

The most popular class of STT which exhibits the nonperturbative strong field effect of spontaneous scalarization has an Einstein frame coupling function of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha (\varphi ) = \beta \varphi $$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ being negative constant. The observations of binary systems set very rigid constraints on the free parameter in the massless scalar field case, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta \gtrsim -\,4.5$$\end{document}$ \[[@CR14], [@CR15], [@CR17]\] which is quite restrictive if one considers that spontaneous scalarization can be observed only for $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta \lesssim -4.35$$\end{document}$ for static neutron stars \[[@CR2], [@CR4], [@CR18]\] and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \lesssim -3.9$$\end{document}$ for rapidly rotating stars \[[@CR8]\]. The allowed values for the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ can be much smaller than $\documentclass[12pt]{minimal}
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                \begin{document}$$-\,4.5$$\end{document}$ for massive STT and detailed considerations of the problem are given in \[[@CR11], [@CR12]\]. For example, the strongest constraint on massless STT comes from the observations of the pulsar-white dwarf binary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${PSR \, J0348+0432}$$\end{document}$ \[[@CR15]\] and if we consider a massive scalar field with $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{\varphi } \gg 10^{-16}$$\end{document}$ eV, which is equivalent to Compton wave-length $\documentclass[12pt]{minimal}
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                \begin{document}$${PSR \, J0348+0432}$$\end{document}$ practically can not impose any constraints on the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _{\varphi }$$\end{document}$ is smaller than the orbital separation between the two stars. In addition the requirement that we can have scalarized neutron star but no scalarization for white dwarfs leads to $\documentclass[12pt]{minimal}
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                \begin{document}$$3 \lesssim -\beta \lesssim 10^{3}$$\end{document}$ \[[@CR11]\].

As one can see in the presence of massive scalar field the observationally allowed values for $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ can significantly differ from the massless STT ones, and neutron stars in both cases can have significantly different properties and structure. This was thoroughly investigated for static and for slowly rotating neutron stars in \[[@CR9]--[@CR13]\]. A natural extension in this case is to include self-interaction of the massive scalar field and investigate the influence on the neutron star structure and properties, that would be the goal of the present paper.

The structure of the paper is as follow. In section II we present the basic equations for massive STT, and we introduce the explicit form of the potential for the specific theory we study. In section III the numerical results with some additional comments on the parameters of the theory are presented. The paper ends with a Conclusion.

Basic equations {#Sec2}
===============

For mathematical simplicity in this paper we work not in the physical Jordan frame, but in the more convenient Einstein frame. All of the results in the next section, however, are presented in the physical Jordan frame.

The scalar--tensor theory action in the Einstein frame is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S= & {} \frac{1}{16\pi G} \int d^4x \sqrt{-g}\left[ R - 2 g^{\mu \nu }\partial _{\mu }\varphi \partial _{\nu }\varphi - V(\varphi ) \right] \nonumber \\&+S_{\mathrm{matter}}(A^2(\varphi )g_{\mu \nu },\chi ), \end{aligned}$$\end{document}$$where *R* is the Ricci scalar curvature with respect to the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{\mu \nu }$$\end{document}$. The STTs are specified by the function $\documentclass[12pt]{minimal}
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                \begin{document}$$A(\varphi )$$\end{document}$ and the potential $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\varphi )$$\end{document}$. In the present paper we shall restrict our study to STT with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A(\varphi )=e^{\frac{1}{2}\beta \varphi ^2} \end{aligned}$$\end{document}$$and a non-negative scalar potential with self-interaction. The natural and the simplest case is a $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_2$$\end{document}$ symmetric scalar potential with a quartic self-interaction, namely$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V(\varphi )=2m^2_{\varphi }\varphi ^2 + \lambda \varphi ^4, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{\varphi }$$\end{document}$ is the mass of the scalar field $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \ge 0$$\end{document}$ is a parameter with dimension of $\documentclass[12pt]{minimal}
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                \begin{document}$$length^{-2}$$\end{document}$. This particular choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A(\varphi )$$\end{document}$ leads to a STT that is indistinguishable from pure GR in the weak field regime, while non-perturbative effects can appear for strong fields. The first term in the scalar field potential $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\varphi )$$\end{document}$ on the other hand is the standard one considered in previous studies of massive STT \[[@CR10]--[@CR13]\] while the second term describes self-interaction of the scalar field and was not considered until now.
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                \begin{document}$${{{\tilde{g}}}}_{\mu \nu }$$\end{document}$ is connected to the Einstein one $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{\mu \nu }$$\end{document}$ via the conformal relation $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{g}}_{\mu \nu }= A^2(\varphi )g_{\mu \nu }$$\end{document}$ and the gravitational scalar respectively by $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi =A^{-2}(\varphi )$$\end{document}$. The relation between the energy-momentum tensor in both frames is given by the formula $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{\mu \nu }=A^2(\varphi ){{\tilde{T}}}_{\mu \nu }$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{\mu \nu }$$\end{document}$ is the Einstein frame one, and $\documentclass[12pt]{minimal}
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                \begin{document}$${{\tilde{T}}}_{\mu \nu }$$\end{document}$ is the Jordan frame one. In the case of a perfect fluid the relations between the energy density and pressure in both frames are given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho =A^4(\varphi ){{\tilde{\rho }}}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$p=A^4(\varphi ){{\tilde{p}}}$$\end{document}$.

In this paper we are using slow rotation approximation in first order in the angular velocity $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$, i.e. keeping only first order terms. Furthermore we consider stationary and axisymmetric spacetime as well as stationary and axisymmetric scalar field and fluid configurations. The spacetime metric in this case is taken in the standard form \[[@CR19]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} ds^2= & {} - e^{2\phi (r)}dt^2 + e^{2\Lambda (r)}dr^2 + r^2(d\theta ^2 \nonumber \\&+ \sin ^2\theta d\vartheta ^2 ) - 2\omega (r,\theta )r^2 \sin ^2\theta d\vartheta dt . \end{aligned}$$\end{document}$$While the metric function $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$, the rotational corrections to other metric functions, the scalar field, the fluid energy density and pressure are of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(\Omega ^2)$$\end{document}$. That is why within this approximation we can derive the moment of inertia of the star, but the rest of the parameters, such as the mass and the radius, coincide with the ones of a static model.

The dimensionally reduced Einstein frame field equations, derived from the action ([1](#Equ1){ref-type=""}) and containing at most terms linear in $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{\omega }} = \Omega - \omega $$\end{document}$, and the coupling function $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha (\varphi )$$\end{document}$ is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha (\varphi )=\frac{d\ln A(\varphi )}{d\varphi }$$\end{document}$.

The system of Eq. ([5](#Equ5){ref-type=""}), supplemented with the equation of state for the matter inside the star and the appropriate boundary conditions, describes the interior and the exterior of the neutron star. For the exterior of the neutron star to be described by the system ([5](#Equ5){ref-type=""}), however, we have to set $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{\rho }}={{\tilde{p}}}=0$$\end{document}$.

The natural boundary conditions at the center of the star are $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho (0)=\rho _{c}, \Lambda (0)=0, \mathrm{and} \frac{d{\varphi }}{dr}(0)= 0$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{c}$$\end{document}$ is the constant central density, while from the requirement for asymptotic flatness, at infinity we have $\documentclass[12pt]{minimal}
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                \begin{document}$$\lim _{r\rightarrow \infty }\phi (r)=0, \lim _{r\rightarrow \infty }\varphi (r)=0$$\end{document}$ (see e.g. \[[@CR20]\]). The coordinate radius $\documentclass[12pt]{minimal}
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                \begin{document}$$r_S$$\end{document}$ of the star in the Einstein frame is determined by the standard condition $\documentclass[12pt]{minimal}
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                \begin{document}$$p(r_S)=0$$\end{document}$, while the physical radius of the star in the Jordan frame is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{S}= A[\varphi (r_S)] r_S$$\end{document}$.
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                \begin{document}$${\bar{\omega }}$$\end{document}$ is separated from the other equations in the system ([5](#Equ5){ref-type=""}) and it can be considerably simplified. Expanding $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\bar{\omega }}= \sum ^{\infty }_{l=1}{{\bar{\omega }}}_{l}(r) \left( - \frac{1}{\sin \theta }\frac{dP_{l}}{d\theta } \right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$P_{l}$$\end{document}$ are Legendre polynomials and substituting into the equation for $\documentclass[12pt]{minimal}
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As we mentioned earlier, in the present paper we consider the moment of inertia *I* of the compact star. It is defined in the standard way$$\documentclass[12pt]{minimal}
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Numerical results {#Sec3}
=================

As we have mentioned earlier, binary systems of compact objects \[[@CR14], [@CR15]\] are used to set rigorous constraints on the parameters in the massless STT with $\documentclass[12pt]{minimal}
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We already have mentioned that if the mass of the scalar field is sufficiently large, the parameter $\documentclass[12pt]{minimal}
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In this paper we employ one of the most popular EOS, the so-called APR4 EOS \[[@CR21]\], for which the piecewise polytropic approximation is used \[[@CR22]\]. We will concentrate on the manifestation of the free parameters in the theory instead of considering a wide variety of EOS since here we have a three parameter ($\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ (blue in different patterns). (bottom) The radial distribution of the scalar field for models with equal central density. The results are for massless STT with self-interaction (blue), and for massive STT without self-interaction (black)

In Fig. [1](#Fig1){ref-type="fig"} we plot the mass of radius relation for two values for the parameter $\documentclass[12pt]{minimal}
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In Fig. [4](#Fig4){ref-type="fig"} we plot the mass of radius relation in two different cases: massless STT with self-interaction (top) and massive STT without self-interaction (bottom). One can see the expected consequences from the self-interaction term. Both terms independently suppress scalarizaton, but except for this, the effect is qualitatively different. While the massive term ($\documentclass[12pt]{minimal}
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In Fig. [5](#Fig5){ref-type="fig"} we plot the moment of inertia as function of stellar mass for two values for the parameter $\documentclass[12pt]{minimal}
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Lets us comment on the chosen values for the parameters, and the effect which varying them has on the neutron star models. The chosen values for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ are smaller compared to the restricted values for the massless STT but they are still quite conservative as compared with the interval of allowed values for STT with massive scalar field. In addition, because of the additionally suppressed scalarization by the self-interaction term, the intervals of allowed values the scalar-field mass can get even wider. As one can see, the effect of the self-interaction causes partial overlapping of the results for models with low mass of the scalar field and high values for $\documentclass[12pt]{minimal}
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Conclusion {#Sec4}
==========

In this paper we studied a certain class of scalar--tensor theories with a massive scalar field with quartic self-interaction term in the potential. The STTs are a natural generalization of Einstein's theory of gravity and they does not suffer from intrinsic problems. The most extensively studied STTs for the last few decades were theories with massless scalar field, but observations of binary systems of compact objects and the gravitational waves emissions drastically restricted the allowed values for the parameters of the theories, which manifests in small deviation from pure GR.

Adding massive scalar field changes this by reconciling the theory with the observations for a much wider range for the parameters compared to the massless case. This has been examined in \[[@CR10]--[@CR13]\], and in our paper we extended these studies by including a quartic self-interacting term in the scalar field potential. Our results show that the self-interaction term additionally suppresses the scalarization, which means it decreases the deviations from GR even more. More precisely, for fixed value of the couping constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ in the self-interaction term. This can reconcile even wider range of values for the scalar-field masses with the observations.

In order to study better the effect of the self-interaction term we examined the case of massless scalar field with non-zero self-interaction. The results showed that the scalarization is again suppressed and up to a large extent the constant in the self-interaction term has qualitatively very similar effect on the neutron star properties as the scalar field mass. The main qualitative difference comes from the fact that the self-interaction does not change the position of the bifurcation points (in the massless case) while the mass of the scalar field changes the critical values of the parameters where new branches of scalarized solutions appear or disappear.

A standard problem of the alternative theories in general is that modifications of the gravitational theory may either have negligible effect on the neutron star properties or this effect is very similar to the one created by the uncertainty in the equation of state for the matter in the star. In the theory we studied the deviations from pure GR which can be considerably larger than the equation of state uncertainty, but addition problem appears. Namely, we have three free parameters of the theory and varying them have very similar effect on the neutron star structure. Thus, breaking the degeneracy between these parameters can not be done solely by the electromagnetic observations of the neutron star mass, radius or moment of inertia. The gravitational wave observations of merging neutron stars, though, might offer additional ways of breaking the degeneracy but further studies in this direction are needed.
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